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Abstract — The ever-increasing demand for nonrenewable resources and the presaure from stockholders are
two forces pressng the oil industry for higher efficiency. The opportunities for advances abound in all sedors of the
industry, in particular production processes in gas-ift oil wells, which are often favored to draw oil from high-depth
reservoirs. Of concern in this paper is the task of distributing the limited supply of gas to the wells © asto induce a
optimal oil production. Narrowing this task to the steady-state response of the wells gives rise to the gasift
optimization problem, whaose variables decide which wells doud be active & well as the gas-injedion and whose
objedive is profit maximizaion. The paper elaborates on a few properties of the problem and delivers a dynamic-
programming algorithm to find approximate solutions. The effediveness of the dgorithm was demonstrated by
contrasting its lutions against upper bounds obtained with continuous relaxation. As closure, the paper outlines a few
diredions for future reseach.
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1. Motivation

Reinforced by the presaure from competitive markets, the increasing demand for nonrenewable resources is
compelling the oil industry to implement processes of higher efficiency and lesser environmental impad. The
devel opment of improved technologies is therefore amust to respond to these compelling forces, in al sedors of the
industry. Of concern in this paper is the gas-lift operation of oil wells, nat infrequently used to draw oil from high-depth
reservoirs. In part due to the complexity of the processes thereof, there is room for improvement in a number of fronts,
ranging from the modeling of the dynamic and steady-state behavior of the ail flow, through production optimizaion, to
the automatic control of the processes (Wang et al., 2002).

Herein, the focus is on the optimization of the gas-lift operation of well clusters, takinginto account the limits
on gas spply, economic fadors, and the nonlinea nature of the outflow, but confining the attention to its seady-state
response. Roughly stated, the problem amounts to, first, deciding among a duster of wells which will produce and,
second, determining the gas-injedion level for the active wells 9 as to induce maximum, overall efficiency. This
problem, heredter denoted by the gas-lift optimization problem, will be instantiated and solved continuously over time,
often after the models of the well outflows are recaibrated and as the economic fadors oscillate. The gasift
optimization poblem (GOP) consists of a mixed-integer nonlinea optimization problem, whose discrete variables
indicate which wells are adive and which are nat, whaose continuous variabl es gauge the amount of gasinjeded into the
adive well's, and whose mnstraints gell out the physicd constraints (Plucenio, 2002, Grathey and McKinnon, 2002).

After introducing a mathematicd formulation of the gas-ift optimization problem, the paper anayzes its
computationa hardness and deli vers a dynamic-programming a gorithm to find nea-optimal solutions. Besides ome
analyticd properties, we report results from numerical experiments with small, nevertheless representative problem
instances. At the end, we daborate on diredions for future research and summarize the main contributions of the paper.

2. The Gas-Lift Optimization Problem

For a duster of N wells, the gas-ift optimization poblem can be st in mathematicd programming as
follows:
N

GOP:  J=Maximizef = Zl[poy(,”q(,n + Pl Go" — Pl Uo” — iG] (1.1)
Subjed to: o' = ao'yn + an'g" + a2'(g")* + az'(g")® n=1,..,N (1.2)

[nyn < G" < Unyn n=1,...,N (1.3

Zq < O (14)

va {0, 1} n=1,..,N (15)

where:

* yntakesonvaluelif then-th wel isadive, otherwise it assumes value 0;

« q"istherae & which gasisinjeded into the n-th well, whose amount should lie between I, and uy;

*  QOmx iSthe upper bound on the overal gasinjection, a physicd constraint arising from the limited capacity of
compresson and gas gorage;

e (o istheflow of fluid from the n-th well, approximated as a polynomid function of the gas input flow;

* o and py are the prevaili ng market prices for oil and ges;

*  pwisthe st of fluid treament before discharge;

e pisthe mst incurred to compressthe input gas; and

W' W' and y," arerespedively thefractions of il, gas, and water that makeup the output flow at the n-th well,
where " + ¥+ y" = 1.

Assumption 1. The output rate g" is a concave function of the input rate " and g," = 0 within theregion g" O [, Uy].
Assumption 2. p,)s" + Pgyy” > Pl for each n.
Remark 1. f isa concave function of g = [g, ..., g"] inside the feasible region of GOP.

Proof. For each n, B, = po)" + Pgly’ — Pwl 1S @ positive constant and, therefore, f, = Byq” — pig" is concave. Thusf = f;
+ ... +f,isa concave function. m

The assumptions reflect what is typically observed, or can be satisfactorily approximated, in practice: i) the outflow
increases as the gas-injection rises until a saturation point is reached, dwindling as the injection surpasses saturation,
which is captured by the concavity of q,"; ii) the percentage of oil and gas production, y, and yg, should be greater than
that of water for the well to be economically viable.
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Propaosition 1. GOP is computationally hard.

Proof. It is draightforward to reduce an instance of the knapsack problem (KP) (Wolsey, 1998) to an instance of GOP.
Let Ikp be an instance of KP, consisting of aset C={c,: n=1, ..., N} with values of the objects, aset W= {w,} with
their weights, and the capadty b of the knapsadk. Generate a1 instance lgop as follows: set Qmax = b; set |, = u, = w, for
eahn; set ay' = cand a1 = " = a3" = 0 for ead n; set 1" = Land " = W, = O; and define p, = 1 while py = py=pi =
0. Clealy, an optimal solution z = (y, ¢, o) t0 lcop induces an odimal solution to Ixp, Nnamely the n-th item goes into
thesakifandonlyify,=1. =

3. A Dynamic Programming Algorithm

Within the stochastic domain, dynamic programming (DP) (Bertsekas, 199%a) is concerned with scenarios
where the decisions are made in stages, but whaose outcomes can only be predicted to some extent, not anticipated.
Within the deterministic domain, DP (Skiena, 1998) can be viewed as a technique for breaking up a problem into a
series of smaller, easier to solve sub-problems that are coupled only to their preceding sub-problems. DP has been
shown to be effedive in a host of problems, in particular the knapsack problem (Wolsey, 1998), which is mewhat
related to GOP. In what follows, we provide adynamic-programming agorithm to approximately solve GOPs, aong
with theoreticd insightsinto the quality of the gproximations and ways of expediting the computations.

3.1. Recurrences

Restricting GOP to the subset S, = {n, n + 1, ..., N} of wells and the gas-compressng capacity g, rather than
Omax, 0iVES rise to the restricted gas-lift opti mizaion problem GOP,(q). Maore formally, this problem can be stated as:

GOP(0): Jn(0) = Maximi zekgn[poyokqok + Po¥y G — P G0’ — PiGH'] (2.1)
Subjed to: 0o = a0y + a1’ + a2(G')? + as(g)’ k=n,...,N (2.2)

Lk < G*< min{uy, g}y k=n,...,N (2.3)

gfi‘k =4 (2.4)

v {0, 1} k=n,..,N (2.5)

By noticing that GOP = GOPy(gmax) and dencting GOP, = { GOP,(q) : 0 < d < gmax} , ONe culd use the solution to GOP,
to solve GOP,.;. Thisis predsely how DP iterates: it solves the series { GOP, : n =1, ..., N} of problems, beginning
withn= N and progressing towardsn = 1. In light of thisfad, GOP,(q) can be recast reaursively as foll ows:

Pn(a): Fn(@) = Maximize f, = poyo o’ + Pglg'Go” — Pukv Go” — PIGH" (3.1)
Subject to: 5" = ao'yn + a1"g" + 02'(g")” + a2"(q")° 3.2

[nyn < Qin < min{Uu,, g} Yn (3.3

o 0{0, 1} (3.4)

GOP\(0):  In(Q) = Fn(a) (4)
GOP,(a): Jn(q) = Maximize (Po)6'do’ + Pg¥s'Go” — Pakw Go' — PG ) + Jnea(d —G") (5.1)
Subjea to: qO” = ao”yn + alnqi” + az”(qi”)z + az”(qi”)3 (5.2)

[nyn < Qin < min{u,, g} Yn (5.3

Yo 010, 1} (5.4)

Remark 2. J\(g) is a nondecreasing function of gfor n=1, ..., N.

Proof. After eiminating o', k=1, ..., N, using (2.2), the feasible region of GOP,(q) becomes S(q) = {z=(g", g™, ...,
G~ Vo Yoot -0 W) O RY™x{0, 13N : subjed to (2.3) and (2.4)}. Whenever . > 0, Si(0) 0 Si(qy) and therefore
Jn(da) = Jn(qn). We conclude that J,(q) isnondeaeasingin g. m

To simplify further devel opments and the specification of the DP agorithm, we introduce the foll owing ndation:
+  Ry(q) denotesthe set of values g" at which f, attainsits maximum, i.e., Ry(q) = {q" : q" solves P,(Q)};
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«  ry(@) =Min{g" OR,(q)} isthe smalest of the optimal solutions to Px(q); and
*  Z,(g) isan unconstrained maximum of f.

Remark 3. The optimal solution r,(q) belongsto the set Q,(q) ={0, I, min(q, uy} O {z(q) : I, < z,(q) < min(q, uy)}.

Proof. There aetwo posshilities: (case 1) if y, = 0, then " = 0 and therefore 0 O Q(q); (case 2) if y, = 1, then dueto
the ancavity of f, and the mnvexity of the feasible set, I, < g" < min(g, uy), it follows from the first-order optimality
conditions that f, attains its maximum either a the extremes or at the unconstrained maximum z,(q), if thisis feasible.

Hence, Qu(a) ={0, In, min(q, un)} O {zy(a) : In < Z(a) < min(q, un)}. m

The Dynamic Programming Algorithm
00000000000 00oDoO00Do00DoDOoOooooOooooDoon
Initialization.
For al g O [0, gma] do
Compute In(Q)
Recursion:
For n=N-1downto 1 do
For al g0 [0, Qmax]
Compute J,(q) = max{ Fn(rn(h)) + Jn1(q —rn(h)) : 0<h<q}
000000000000 oDo000Doo0U0oDooDooDoOOoOoDoOooOOoon

In its form, the above dynamic-programming algorithm entails lving an infinite number of problems, which
would be pradicd only if there existed a differentiable, closed-form solution to J,(q) such asin the DP solution of the
linea, quadratic, regulation problems that appeas in the optimal control literature (Bertsekas, 19959). In the presence
of constraints and dscrete variables, the solutions are in general obtained numerically with iterative dgorithms. Our
next developments propose an dternative DP agorithm to solve GOP approximately, avoiding the solution of an
intractable number of problems by forcing q to take on discrete values.

3.2. Approximate Solution

By constraining g to assume values from afinite set Q ={q, ..., n}, One gains the ability to solve atractable
number of problems a the expense of solution quality. Hereafter we will assume that the discretization set Q is
admissble, meaning that go = 0, gm = Qmax, ad Oy < Qn+a fOr N =0, ..., m—1. The DP agorithm will fill out two tables:
QIn, q] with the optimal solution to GOP,(q), and J[n, g] with the objedive val ues induced by these solutions, where g
0 Q. The discrete DP agorithm is gated below.

The Discrete Dynamic Programming Algorithm
00000000000 oooo0o0oooDo0o0ooooooooDoooooDoono
Initialization.
For al g0 Qdo
Solve Pr(q), setting JIN, o] = Fn(q) and Q[N, q] = rn(q)
End-for
Recursion:
Forn=N-1downto 1 do /* ComputeJ[n, gq] usingJ[n+1,q] */
ForalqdQdo
\][n’ q] = —0
Qln,a] =0
Foral g O Q,suchtha q <qdo
J=Jn+1q]+Fu(a-0)
If I > J[n, q] then

Jn,q=J
Q[n, d] =ry(9-q)
End-if
End-for
End-for
End-for

oboobooooooboboooobobooboooooobobooboooobOoDbo

Because P,(q) can be solved in time ©(1) as shown in Remark 3, the discrete DP agorithm runsin time ©(Nnv’) and its
memory usage is of the order ©(Nm), which is necessary to store tables J[n, g] and Q[n, q]. In light of the fact that J,(q)
is a nondeaeasing function, acording to Remark 2, we speculate that the running-time of the dgorithm might be
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shortened to O(Nmlog(m)), by replacing its inner-loop with a seach procedure &in to binary seach (Bertsekas, 1995;
Cormen et a., 1990).

At termination, the discrete DP agorithm yields approximate solutions for a family of problems, namely
{GOP,(q) : qO Q,n=1, ..., N}, which encompasses an approximation to the origina problem GOP = GOP;(Qax). The
profit predicted by the gproximate solution to GOP,(q) is precisely the value J[n, g]—the @rrespording solution can
be computed in time ®(Nm) with a backward search in the tables. Thus, in the event of an unanticipated drop of the gas-
compresson paver, an approximate solution can be readily obtained from the tables. The quality of the approximate
solution is, of course, highly dependent on the size and granularity of the discrete values for g, the dements of Q. The
isaues thereof will be aldressed numericaly in the next sedion.

Remark 4. Let Q, and Q, be two admisshble, dicretization sets for the gas-compresson capacity Quax. |f Qa O Qp, then
the quality of the approximation induced by Q, is not superior to the quality induced by Q, i.€., Joo[1,0max] = Jgal L, Omax]-

Proof. Using induction in n, we can show that Jo,[Nn, q] = Jo[N, q] for al g O Q.. Induction Basis, n = N: Jo[N, q] =
Ja[N, ] for @l g O Q.. Induction Sep, n < N: Jg[n, ] = Max{J[n+ 1, 0] + Fa(@—q) : g O Qu} =2 Max{Jg[n + 1,
q] + Fa(@—9) :q' 0 Qa}=Max{Ja[n+ 1, q'] + Fo(d— ') : g 0 Qa} = Joal N, d]. Hence, Jou[ 1, Grmend = Jga[ L, U] - m

4. Numerical Experiments

This sction gives an acount of a number of numerica experiments, which were run to assess the quality of
the solution produced by the discrete DP agorithm. The experimental set-up consists of two scenarios, one with a
cluster of six wells and the other with twelve wells. Some of the parameters that make up the instances are depicted in
Table 1. The parametersthat are held constant acossexperiments are:

o themarket price of ail, p, = 1.0;

+  the market price of gas, py = 0.6;

* the mst of gas compresson andinjection, p; = 0.1; and

* the wst of water treament before discharge, p,, = 0.01;
The lower and yoper bounds on gas-injedion are the same for all of thewdls, that is, |,=1 andu, = u for al nand some
| < u, but these bounds will vary across experiments. The degree of discretization, the parameter m defining the
cadinality of the discretization set Q, will be made to vary from one experiment to the next: more specificaly, Q = { o,
..., Om} Will be such that o= 0, On = Qmax, and g — 4 = Sforj =1, ..., m, where dis me suitable mnstant.

Table 2 shows the objedive values of the solutions obtained with the DP a gorithm as well as upper bounds Jyg
for the optimal solutions, for a number of experiments that differ in: the number of wells, the maximum compressng-
capadty Omax, and the maximum upper bound on gas-injedion. These results provide evidence that the DP agorithm
can yidd nea-optima solutions, within a fraction of percentage from the upper bounds. (The upper bounds were
obtained with continuous relaxation of the discrete variables, which renders a concave optimization problem for which
efficient algorithms exist (Bertsekas, 1995; Nocedd and Wright, 1999).)

5. Future Research Directions

Albeit progresshas been made towards automating the deci sion-making, optimization, and control processs of
gas-lift oil production, there remains a number of fronts for further progress In particular, we foresee fruitful research
and devel opment along the following diredions:

e Sochastic models of the dynamic and steady-state out-flow response to gas injection: instead of representing
the outflow as a single function of the gas-injedion, the outflow could be modeled with a family of functions,
aswdl as their respective probabilities, to counter the uncertainties of the process identification.

e Logc ocongtraints. the scenario in which the operation of certain wells is contingent on others, perhaps for
convenience safety, or other technologica reasons, could well be expressed in terms of logic constraints.

* Gaspresare \ariation ard loss as the gastravelsin apipeline its pressure declines, possibly to the extent that
the presaure loss $ould be acounted for and incorporated in the mode.

e Large-scale problem instances: the oil production can take place over a wide aea and employ multiple gas-
compresson units, one locaed at the cantral platform and the others distributed over the well clusters; in such
a scenario the gas flows from the centra unit to the nearby units, which raises the issue of how gas sould be
distributed so asto induce an optimal, overall production.

Incidentally, we have achieved some preliminary, neverthelessfirm results towards the introduction of logic constraints
and the use of stochastic models—for the former, famili es of implications that are acyclic can be naturally handled by
our DP agorithm; for the latter, expedation maximization and worst-case aaysis seem promising to handle stochastic
models, in part because they alow the use of standard opti mizati on techniques.
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Table 1. Well Parameters

Well (k) o) o a; as Yo Ya Yu
1 0 3.2210 1.6743 -0.1549 0.70 0.20 0.10
2 0 3.1210 1.5743 -0.1649 0.75 0.17 0.08
3 0 2.7210 1.7743 -0.1749 065 0.25 0.10
4 0 2.9210 1.4743 -0.1449 0.65 0.20 0.15
5 0 2.7210 1.6743 -0.1549 0.60 0.30 0.10
6 0 3.4210 1.5743 -0.1649 080 0.12 0.08
7 0 2.0000 1.0000 -0.1200 0.65 0.30 0.05
8 0 3.8000 1.8000 —0.2000 080 0.17 0.03
9 0 3.0000 2.0000 —0.2500 060 0.25 0.15
10 0 4.0000 1.0000 —-0.2800 0.70 0.23 0.07
11 0 2.5000 2.0000 —0.2500 065 0.25 0.10
12 0 2.7000 1.7000 —0.2400 0.75 0.20 0.05
Table 2. Numerical Experiments
Wells | U  Omx M J[1, Orend Upper  (Jus—J[1,0mad)
Bound (\]UB) /JUB
1-6 3.65 10 40 5 190.9578 215.8527 11.54%
1-6 3.65 10 40 30 215.1865 215.8527 0.31%
1-6 3.65 10 20 5 114.0185 119.1060 4.27%
1-6 3.65 10 20 30 118.9109 119.1060 0.16%
1-6 3.65 6 20 5 114.0185 119.1064 4.27%
1-6 3.65 6 20 25 119.0741 119.1064 0.03%
1-12 3.65 10 70 10 335.2706 356.9148 6.06%
1-12 3.65 10 70 50 351.1864 356.9148 1.61%
1-12 3.65 10 30 10 178.8082 181.4667 1.47%
1-12 3.65 10 30 50 181.2690 181.4667 0.11%
1-12 3.65 6 30 10 178.8082 181.4667 1.47%
1-12 3.65 6 30 50 181.2690 181.4667 0.11%
Average 2.62%

6. Summary

The work reported heretofore dedt with a gas-lift optimization problem (GOP) whose applicaions are foundin
the oil industry. The paper |ooked into a few facets of the problem and proposed a discrete dynami c-programming (DP)
algorithm to approximately solve GOP. The DP dgorithm produced near-optimal solutions in a number of experiments.
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